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Duality symmetries are reviewed. A sufficient condition for duality is the existence of a global symmetry. This
can be used as a guideline to systematically prove duality between different field theories. Bosonization and
T - duality, for abelian and non-abelian global symmetries, are discussed in detail as well as duality for general
antisymmetric tensor field theories. In this case, the presence of topological defects break the global symmetry
but duality survives manifesting itself in a different way. Open questions and current limitations of this approach
to prove all known dualities are discussed.
To the hundreds of thousands of Guatemalan citizens who sacrificed their lives during more than three decades
of civil war, especially to those I had the privilege to know and love, and who I now miss.
1. INTRODUCTION
The current excitement about duality in field
and string theories leads us to believe that dual-
ity is indeed an exact symmetry of many phys-
ical systems. But in many cases we can only
rely on indirect evidence for duality rather than
proving it explicitly. We would like to know pre-
cisely when two theories can actually be shown
to be dual to each other. The general answer to
this question is unknown but a sufficient condi-
tion for the existence of duality is the existence
of a global symmetry in the original theory. Given
any field theory with a global symmetry, there is
a well defined prescription to find the dual theory.
This brings us a long way towards explicitly show-
ing the equivalence between two different theories
and puts many dualities on an equal setting. In
particular we will see that bosonization can be
proven exactly in the same way as we prove T
duality.
First I would like to remark that, before the re-
cent developments, duality had a long history. It
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was known to Maxwell that his equations in vac-
uum were invariant under the exchange of electric
and magnetic fields, but it was until 1931 that
Dirac used this duality to introduce the magnetic
monopole in order to keep electric/magnetic dual-
ity valid in the presence of sources. Independent
of this, Kramers and Wannier discovered temper-
ature duality in the 2D Ising model allowing them
to learn about the phase structure of the model
before Onsager’s solution [1]. This was then gen-
eralized to several lattice and continous models
leading to the Higgs/confinement duality of ’t
Hooft and Mandelstam as well as the Montonen-
Olive conjecture for duality in 4D gauge theories
over two decades ago [2]. At about the same
time, independent to this development, Luther
and Preschel realized that fermions and bosons in
2D systems are equivalent [3]. Bosonization has
lead to many applications in condensed matter
physics and high energy theory. All these ‘du-
alities’ had in common that they relate strong to
weak coupling (or temperature) and that they ex-
change elementary states by topological defects
or solitons (electric/magnetic charges) although
they were discovered independently and using dif-
2ferent techniques.
During the past decade, Witten introduced
non-abelian bosonization [4], hidden symmetries
of supergravity theories were discovered contain-
ing duality [5] and, in string theory, the subject
started with the realization ofR↔ 1/R duality in
toroidal compactifications [6], [7]. Later on, this
duality was understood in terms of the standard
duality of 2D non-linear sigma models studied in
supergravity [8] , [9] and it was extended to more
general backgrounds, including backgrounds with
non-abelian isometries [10]. Duality originating
from symmetries of the string 2D sigma model
is presently known as T -duality. These develop-
ments lead also to the conjecture of a possible
duality in condensed matter systems such as the
quantum Hall effects, almost ten years ago [11].
This has acquired more relevance recently after
the spectacular experimental evidence found last
year [12].
The subject of this school has its origin on the
more recent developments related to strong/weak
coupling or S-duality in supersymmetric field and
string theories which started during the present
decade and are the main subject of research at
present [13], [14]. Most of the recent develop-
ments will be reviewed by the other speakers. I
will concentrate on the concrete question: under
which circumstances can we actually prove du-
ality between two different theories?. In string
theory the methods presented here apply mostly
to T -duality. For S-duality we cannot prove it
explicitly because at present there is no non-
perturbative formulation of string theory, that is
why we have to rely on indirect evidence for this
duality. However, one of these evidences is the du-
ality between the two effective field theories of the
massless modes of both (dual) strings. That cor-
responds to duality of antisymmetric tensor field
theories which we will discuss in these lectures.
The aim of these lectures is then to review the
explicit prescriptions for dualization. If there is
any field theory with a global symmetry then we
can dualize it by gauging the corresponding sym-
metry and introducing a Lagrange multiplier con-
straint that sets the gauge field strength to zero
[9]. Depending on the nature of the symmetry
we can have abelian or non-abelian duality and
depending on the nature of the original degrees
of freedom we can have duality for scalar fields in
2D (T -duality), for electromagnetism or arbitrary
antisymmetric tensors (S-duality), or duality for
fermions i.e. bosonization.
The lectures are organized as follows. In sec-
tion 2 we discuss abelian duality for two specific
systems: arbitrary antisymmetric tensors in any
dimension and fermions in two and higher dimen-
sions. The particular case of rank zero tensors in
2D is discussed in some detail (T -duality) and
examples, such as toroidal compactifications and
2D black holes, are presented. In section 3 duality
is extended to the nonabelian case. Here we re-
strict ourselves to non-abelian T -duality and non-
abelian bosonization. Some proposed generaliza-
tions of non-abelian duality are also presented.
Finally in section 3 we discuss duality for the sys-
tems of section 1 when the presence of topological
defects, such as magnetic monopoles, break the
original global symmetry. For pedagogical rea-
sons, we illustrate the general case by studying
mostly QED. First we explictly show duality in
the presence of magnetic monopoles. Then, after
these monopoles condense, we present the effec-
tive Lagrangian describing the so-called ‘confin-
ing string’ description of the confining phase of
the theory, we also prove that duality is manifest
even in this case. We close the section with the
examples of T -duality after vortex condensation
for the bosonic string case and describe how dual-
ity is not broken by the Kosterlitz-Thouless phase
transition. We close the lectures mentioning some
open questions for the techniques presented here
and some speculations.
2. ABELIAN DUALITY
We will review in this section duality in sys-
tems with abelian global symmetries. First we
discuss the 2D case of the string worldsheet ac-
tion. Then we generalize it to higher dimensions
and fermionic systems.
2.1. Abelian T -Duality
We will briefly review here the standard duality
corresponding to string backgrounds with abelian
isometries. The worldsheet action for the bosonic
3string is:
S =
1
4πα′
∫
d2z
(
QMN (XQ) ∂X
M∂XN
+
α′
2
R(2)Φ(XQ)
)
(1)
where QMN ≡ GMN + BMN . GMN and BMN
being the metric and antisymmetric tensor of the
target space theory and Φ is the dilaton field.
They are ‘couplings’ in the 2D theory. XM are
scalar fields of the 2D theory which are the coordi-
nates in target space. R(2) is the scalar curvature
in 2D. We take the target space to have the crit-
ical dimension, D = 26 for purely bosonic strings
and D = 10 for supersymmetric strings, in that
case the action above would represent only (part
of) the bosonic sector of the theory. In a back-
ground with N commuting isometries, this can be
written as
S =
1
4πα′
∫
d2z
(
Qµν(Xα) ∂X
µ∂Xν (2)
+Qµn(Xα)∂X
µ∂Xn +Qnµ(Xα)∂X
n∂Xµ
+Qmn(Xα)∂X
m∂Xn +
α′
2
R(2)Φ(Xα)
)
.
Lower case latin indices m,n label the isometry
directions. Since the action depends on the Xm
variables only through their derivatives (there ex-
ists the abelian global symmetry Xm ↔ Xm+
constant), we can write it in first order form by in-
troducing variables Am and adding an extra term
to the action Λm(∂A
m − ∂Am) which imposes the
constraint Am = ∂Xm. Integrating over the La-
grange multipliers Λm returns us to the original
action (1). On the other hand performing partial
integration and solving for Am and A
m
, we find
the dual action S˜ which has an identical form to
S but with the dual background given by [8], [15]
Q˜mn = (Q
−1)mn (3)
Q˜µν = Qµν −Qµm (Q−1)mnQnν
Q˜nµ = (Q
−1) mn Qmµ
Q˜µn = −Qµm (Q−1)mn .
To preserve conformal invariance, it can be seen
that the dilaton field has to transform as Φ˜ = Φ−
log detGmn. Equations (2) reduce to the usual
duality transformations for the toroidal compact-
ifications in the case Qmµ = Qµm = 0 and can
map a space with no torsion (Qmµ = Qµm) to a
space with torsion (Q˜mµ = −Q˜µm).
Duality then states that the two dual theories
defined by the actions S[Q,Φ] and S˜[Q˜, Φ˜] give
the same partition function Z and therefore they
are physically equivalent. A more precise state-
ment could be made by coupling the system to
external sources so that the partition function
and its derivatives with respect to the source are
equivalent, meaning that also all the amplitudes
are equivalent after a duality transformation.
An equivalent interpretation of the duality pro-
cess just described is given by gauging the sym-
metry, replacing ∂Xm with DXm = ∂Xm + Am
and the term
∫
d2z Λm(∂A
m − ∂Am) is added to
the action. This extra term imposes the vanish-
ing of the field strength F of the gauge fields af-
ter integration over the Lagrange multipliers Λm.
This implies that locally the gauge field must be
pure gauge, Am = ∂Xm. The gauge fixing can
be done either by choosing the gauge fields to
vanish or by taking Xm = 0 (a unitary gauge).
In both cases this reproduces the original action.
The dual theory is obtained by instead integrat-
ing out the gauge fields and then fixing the gauge.
This is the prescription that can be system-
atically generalized: whenever there is a global
symmetry we can gauge it and impose the corre-
sponding field strength to zero. Changing the or-
der of integrations we end up either with the orig-
inal theory or with the dual theory where the La-
grange multiplier becomes the fundamental dual
variable.
As an illustrative case we will discuss the circle
compactifiction in more detail. In that case there
is one isometry given by the shift on the circu-
lar coordinate. The corresponding metric compo-
nent is just R2, the radius of the circle. Therefore
the duality equations above reduce to R↔ α′/R
duality. Furthermore, being this a free 2D field
theory, canonical quantization is straightforward,
giving rise to a mass formula:
α′M2 = n2
α′
R2
+m2
R2
α′
+ 2 (NL +NR − 2) (4)
4The physical states are labeled by the integers
m,n where P = n/R are the quatized momenta
in the compact direction whereas W = mR are
the solitonic winding states with m the num-
ber of times the string wraps around the circle.
We can immediately observe that the mass for-
mula is invariant under the duality transforma-
tion R↔ α′/R as long as the roles of the winding
and momentum states are also exchanged. This
is an example of a generic feature about duality
that exchanges elementary with solitonic states.
This relation can be made more explicit by
absorbing the radius R in the definition of the
coordinate X which then has periodicity X ≡
X + 2πR. In this situation we denote the dual
coordinate by X˜. Probing the theory with exter-
nal sources J, J the original action is
S =
1
πα′
∫
d2z
(
∂X∂X + J∂X + J∂X + · · ·) (5)
whereas the dual action is
S˜ =
1
πα′
∫
d2z
(
∂X˜∂X˜ − J∂X˜ + J∂X˜ + JJ
)
(6)
Notice the difference in the couplings to the cur-
rents and the presence of the contact term JJ in
the dual action 2. By comparing the coefficients
of the currents we can see the relations ∂X ↔ ∂X˜
and ∂X ↔ −∂X˜ . This can be deduced by using
the field equations for both A,A and Λ ≡ X˜ in the
first order action and only means that (using 2D
cartesian coordinates rather than complex ones)
the two dual variables are related by the stan-
dard Poincare´ duality of forms, ∂αX˜ = εαβ∂
βX .
Which in turn implies that the field equations
∂α∂
αX = 0 transform into Bianchi identities
εαβ∂
α∂βX˜ and viceversa.
This information, combined with the wave
equation ∂∂X = ∂∂X˜ = 0 implies that X(z, z) =
XL(z) + XR(z) and X˜(z, z) = XL(z) − XR(z).
Comparing the zero-modes in the oscillator ex-
pansion of both variables:
X = Pτ +Wσ + · · · (7)
=
1
2
pL ln z +
1
2
pR ln z + · · ·
2This term is precisely what is needed in order that both
dual theories agree after taking care of time ordering in
the corresponding amplitudes (I thank C.P. Burgess for
explaining this to me.)
where pL,R ≡ P±W are the left and right-moving
momenta and the ellipsis refer to the oscillator
terms. The dual variable is then
X˜ =
1
2
pL ln z − 1
2
pR ln z + · · · (8)
From this we can see that the two dual theories
are related by the exchange P ↔W , also that the
hamiltonian (and so the mass formula) depends
only on the combination p2L+p
2
R which is duality
invariant. Since the periodicity of X gave rise
to the quantization of the momenta P and the
momenta of the dual variable are given by W we
can then easily extract the periodicity of X˜ to be
X˜ ≡ X˜ +2πα′/R (an overall integer factor p can
be considered, coinciding with the Dirac quantum
[16], but modular invariance of the string theory
restricts to p = 1).
The simplest generalization of this system is
compactification on a 2D torus instead of a 1D
circle. This extension is straightforward but very
interesting. Duality gives the transformation of
the 2D matrix Gij + Bij ↔ (Gij + Bij)−1. But
now, since the purely antisymmetric tensor part
of the action (1) is topological, there is also a
symmetry B → B+ integer, where B is defined
from Bij = Bεij . Since this symmetry does not
commute with duality, they together generate an
infinite dimensional discrete symmetry. This is
better expressed in terms of the complex param-
eters or moduli:
T = B + i
√
G (9)
U =
G12
G22
+ i
√
G
G22
U is the standard modular parameter of any ge-
ometrical 2D torus and it is usually identified as
the ‘complex structure’ modulus. T is the ‘Ka¨hler
structure’ modulus (since the torus is a complex
Ka¨hler manifold) and its imaginary part measures
the overall size of the torus, since G is the deter-
minant of the 2D metric. It then plays the same
role as the radius R for the 1D circle.
In terms of T and U we can write the left- and
right-moving momenta as:
p2L =
1
2U2T2
‖(n1 − n2 U)− T (m2 +m1 U)‖2
5p2R =
1
2U2T2
‖(n1 − n2 U)− T (m2 +m1 U)‖2 (10)
The mass formula, depending on p2L + p
2
R, shows
the following symmetries:
U → aU + b
c U + d
T → a T + b
c T + d
T ↔ U. (11)
Where a, b, c, d are integers satisfying ad − bc =
1. The first transformation is the standard
SL(2,ZZ)U ‘modular’ symmetry of 2D tori and
is independent of string theory; it is purely geo-
metric. The second transformation is a stringy
SL(2,ZZ)T named T -duality and it is a gener-
alization of R ↔ 1/R for the 2D case. Again
this is a symmetry as long as we also transform
momenta m1,m2 with winding n1, n2. The field
T is then at the origin of the name T - duality
(but the field U is unrelated with the so-called
U -duality). The third symmetry exchanges the
complex structure U with the Ka¨hler structure
T and it is called ‘mirror symmetry’. The mod-
uli U and T each parametrize a complex plane
SL(2, IR)/O(2), the duality symmetry implies
that they can only live in the fundamental domain
defined by all the points of the product of com-
plex spaces SL(2, IR)/O(2) ⊗ SL(2, IR)/O(2) ∼=
O(2, 2, IR)/(O(2)×O(2)) identified under the du-
ality group SL(2,ZZ)U × SL(2,ZZ)T = O(2, 2,ZZ).
This is the situation that gets generalized to
higher dimensions. In general, compactifica-
tion on a d-dimensional torus has the Narain
[17] moduli space M = O(d, d, IR)/O(d) × O(d)
with points identified under the duality group
O(d, d,ZZ). For the heterotic string with 16
extra left moving coordinates M = O(d +
16, d, IR)/O(d+16)×O(d) with a similar modifi-
cation to the duality group.
A slightly more complicated example is the 2D
black hole defined by the metric −du dv/(1 −
uv)[18]. Diagonalizing the metric, it can be easily
seen that the asymptotically flat region uv < 0 is
defined by the metric dr2−tanh2 r dt2, the region
between the horizon and the singularity 0 < uv <
1 has the metric −dt2 + tan2 t dr2 whereas be-
yond the singularity, uv > 1 it is dr2−coth2 r dt2.
The geometry is selfdual, but the asymptotically
flat region and the region beyond the singular-
ity are mapped to each other (global symmetry,
t → t+ constant implies G˜tt = 1/Gtt). Whereas
the region between the singularity and horizon
is selfdual, since cot t = tan(t − π/2). This is
remarkable because, in particular, duality is ex-
changing singularity↔horizon [19]. Moreover, in
simple extensions of this geometry to 3D, the ge-
ometry is a black string (in the sense that the
singularity is not point like but one-dimensional)
[20], [15] which is no longer selfdual. It is dual
to another black string where now the singularity
of one geometry is mapped to a regular surface
in the asymptotically flat region of the other ge-
ometry and on which, contrary to the horizon,
classical computations are dominant. This raises
the hope that singularities may be consistently
treated in string theory by performing calcula-
tions in the dual geometry.
It is then interesting to investigate if these
properties hold for physically more interesting ob-
jects such as 4D black holes. In particular the
Schwarzschild metric
ds2 = −(1− 2M/r)dt2 + dr
2
1− 2M/r + r
2dΩ (12)
times any CFT with c = 22 is a classical solu-
tion of bosonic string theory to leading order in
α′. Here dΩ = (dθ2 + sin2 θdφ2) is the element of
solid angle. Direct application of the standard du-
ality transformation to this metric for time trans-
lations, gives the dual metric
ds˜2 = − dt
2
1− 2M/r +
dr2
1− 2M/r + r
2dΩ (13)
with the dilaton field now given by Φ˜ = Φ −
log(1 − 2M/r). This metric defines a geometry
with naked singularities at r = 0 and r = 2M ,
as it can be verified by computing the curva-
ture scalar R = 4M
2
(2M−r)r3 . It is easy to check
that the string background equations are satis-
fied by the dual metric and dilaton Φ˜. We have
then found a spherically symmetric solution of
the string background equations, which is not a
black hole, but has naked singularities and is dual
to the Schwarzschild solution.
A similar analysis can be done for the 4D
charged dilatonic black hole. In this case the met-
6ric is [21]
ds2 = − (1− 2M/r)
(1−Q2/Mr) dt
2 (14)
+
dr2
(1− 2M/r)(1 −Q2/Mr) + r
2dΩ ,
the dilaton field is Φ = − log(1 − Q2/Mr) and
the electric field Ftr = e
ΦQ/(2r2). It is very in-
teresting to note that the dual of this solution
with respect to time translations gives exactly the
same solution except that the mass parameterM
changes intoQ2/2M , therefore it relates the black
hole domain Q2 < 2M2 to the naked singularity
domain Q2 > 2M2. In particular, the extremal
solution Q2 = 2M is selfdual.
Extracting physical implications to these re-
sults in 4D is premature because these solutions
are only classical solutions of the leading order
string background equations and the physically
interesting regions where the horizons and sin-
gularities are, usually correspond to strong cou-
pling string theory where perturbative calcula-
tions are not relevant. For the exact solutions not
that much can be said but it can be shown that
T -duality associated with time translations in a
static spherically symmetric string background,
exchanges the ADM mass with the dilaton charge
and the axion charge with the Taub-NUT param-
eter. Furthermore, as it will be seen in other lec-
tures at this conference, the existence of S-duality
allows to understand better the strong coupling
regions of these geometries, leading to the impres-
sive calculation of the black-hole entropy/area re-
lation from the counting of microscopic states.
Before finishing this subsection it is worth re-
marking some general properties that have been
found for abelian T -duality. First it was shown by
Rocˇek and Verlinde that if the coordinate associ-
ated with the abelian isometry is periodic, then
the two dual theories define the same conformal
field theory, if the coordinate is not periodic it is
not established (for a discussion of this issue see
for example [22] and [23] ). Also in [9] and [22],
global issues of abelian T duality where discussed,
in particular by considering the 2D surface to be
a torus, it can be explicitly seen that the period-
icity of the dual variable coincides with the pe-
riodicity of the original coordinate and duality
survives at any order in string perturbation the-
ory. Furthermore, it was shown that T -duality
is a remnant of a gauge symmetry [24] in the
sense that at the self dual point there is an en-
hanced gauge symmetry since the Kaluza-Klein
U(1) symmetry of circle compactification gets en-
hanced to SU(2) at the selfdual radius R =
√
α′
(take m = n = ±1 and NR = 1 in equation (4)
showing the existence of extra massless bosons
which complete SU(2)). This symmetry is bro-
ken at any other point leaving duality as the dis-
crete unbroken symmetry. This has been used to
argue that T - duality should also survive nonper-
turbative string effects. The O(d, d) symmetries
of toroidal compactifications can be generalized
to any background with d abelian isometries [25].
Finally the explicit form of the duality transfor-
mation given above may be corrected by consider-
ing higher order terms in the sigma model expan-
sion parameter α′, see for instance [26]. This has
raised the interesting question of combining du-
ality with the renormalization group flow in the
sense that the beta function may transform in
a well defined way under duality and could give
information about the phase structure of the the-
ory.
2.2. General Antisymmetric Tensors
The discussion of abelian T -duality can be im-
mediately generalized to arbitrary antisymmetric
tensors of rank h− 1, Bh−1 in D dimensions [27].
In this case the simplest action is
S =
∫
dDx
(
1
g2
(∂M1BM2···Mh)
2
+ · · ·
)
(15)
The action is invariant under the shift of A by an
arbitrary closed form. δBh−1 = dΩh−1+Kh with
Kh an arbitrary harmonic form. The symmetry
here is more general than the 2D case because it
includes a local symmetry defined by dΩ and a
global symmetry given by the shift in K. This is
the global symmetry we need for dualization. No-
tice that gauging this symmetry involves a gauge
field which is an antisymmetric tensor of rank h,
Ah. Again we can dualize in two equivalent ways.
First we construct a first order action by substi-
tuting dB in the action by Ah and imposing the
constraint dAh = 0 by adding a Lagrange multi-
7plier ΛD−h−1.
SG =
∫
dDx
(
1
g2
(Ah)
2 + ΛD−h−1 · (dAh)
)
.(16)
Where for simplicity we have defined ΛD−h−1 ·
(dAh) = ǫ
M1···MD∂M2AM2···Λh+1ΛMh+2···MD . In-
tegrating ΛD−h−1 reproduces the original action
whereas integrating Ah leads to the dual action
S =
∫
dDx
(
g2(∂M1ΛM2···ΛD−h )
2 + · · ·) . (17)
This is the higher dimensional generalization of
the R ↔ 1/R duality of strings on a circle. To
make the analogy complete we are considering
compact antisymmetric tensor field theories for
which the gauge symmetry is U(1) rather than the
real line [28]. Notice that, as in the 2D case, the
coupling constant g could have been absorbed in
the definition of the fields entering then in the pe-
riodicity of the fields. In that case we can see that
the two dual variables are related by a Poincare´
duality: dΛ =∗ dB. And duality exchanges field
equations with Bianchi identities. For the par-
ticular case of 4D QED, this implies that duality
exchanges electric and magnetic fields which is
the original duality of Maxwell equations in vac-
uum mentioned in the introduction. Again, as
in the 2D case, we can see Ah as the gauge field
of the global symmetry and the Lagrange multi-
plier term as imposing vanishing field strength.
Also to be more strict we should have introduced
external current couplings in the action so that
the path integral would be a function of that cur-
rent as in equation (5). Duality then holds for
any correlation function. Similar to the 2D case
where the dilaton transformation was imposed,
if we consider topologically nontrivial spacetimes
there would be an extra term proportional to the
Euler number of the manifold [29], generalizing
the dilaton transformation in the 2D case. We
will not consider further this possibility.
Finally, as a gauge field naturally couples
to a pointlike charged particle by the coupling∫
Aµdx
µ, the field Bh−1 naturally couples to an
h − 2 dimensional object, a p-brane (p = h − 2)
which is the analogous of the electric charges in
QED. The dual field B˜d−h ≡ ΛD−h−1 couples to
a magnetic D − h − 2 dimensional brane anal-
ogous to the magnetic monopole. We will then
see in section 4 that the duality between electric
charges and magnetic monopoles is generalized
to a duality between electric (h − 2)-branes and
magnetic (D − h− 2)-branes [30].
2.3. Abelian Bosonization
Now that we have a definite prescription for du-
ality we can apply it to any system with a global
symmetry. The simplest example that comes to
mind is a free fermion in 2D with the Dirac action
SF =
∫
d2x
(−ψ/∂ψ + iJµψγµψ) (18)
where we introduced explicitly the external
source Jµ to keep track of the functional depen-
dence of the partition function Z[J ] =
∫ DψeiSF .
Notice that this action has the global symme-
try ψ → eiθψ, therefore we can just follow the
same prescription as above, ie we gauge the global
symmetry and impose the constraint of vanishing
gauge field strength [31]. (The first order for-
malism used before does not apply clearly in this
case.) We have then to consider the partition
function
ZG[J ] ≡
∫
Dψ DAµ DΛ eiSG(ψ,Jµ+Aµ,Λ) (19)
where
SG ≡
∫
d2x
(
LF (ψ, Jµ+Aµ)+ 1
2
ΛεµνFµν
)
(20)
Since we have to fix the gauge symmetry, it is
convenient to work in the Lorentz gauge ∂ ·A = 0.
It is straightforward to see that integrating the
Lagrange multiplier Λ sets F = 0 which together
with the Lorentz gauge allows us to set Aµ = 0,
recovering the original action. In order to find
the dual action we have to integrate first over
ψ and Aµ and find the effective action SB[Λ, J ].
This can be performed thanks to the well known
calculation of Schwinger:∫
Dψ exp
[
i
∫
d2x
(
−ψ/∂ψ + iψγµψ Aµ
)]
= exp
[
i
4π
∫
d2x Fµν −1 Fµν
]
. (21)
Next we have to integrate over Aµ. The Lorentz
gauge implies we can write Aµ = εµν∂
νϕ, the cor-
8over ϕ is gaussian. We end up with the bosonic
lagrangian:
LB(φ, J) = −1
2
∂µφ∂
µφ+
1√
π
εµν ∂µφJν (22)
where we have defined φ ≡ √πΛ. Therefore we
have shown that the actions for free fermions and
free bosons are dual to each other, reproducing
the standard bosonization result in a fashion that
makes bosonization and standard dualities be rec-
ognized as two manifestations of the same effect.
By comparing the coefficients of the source Jµ in
both actions we can explicitly see the equivalence:
iψγµψ ↔ − 1√
π
εµν ∂νφ (23)
which is the standard statement of bosonization.
Coupling the axial current to another source gives
the mapping iψγµγ3ψ ↔ 1√pi ∂νφ.
Notice that a crucial step in our derivation
of the bosonic action was the use of the ex-
plicit calculation of the fermion determinant by
Schwinger. For a more complicated fermionic the-
ory, including four-fermion couplings and mass
terms there is no explicit calculation of the de-
terminant but we still can use an extra property
of the system, this is that besides the vector-
like phase symmetry we used for dualization,
there is also an axial symmetry of the fermionic
theory:ψ → exp(iαγ3)ψ. This symmetry is
anomalous but using the gauged action with the
Lagrange multiplier constraint above we can see
that the ΛF term plays the role of a Wess-Zumino
anomaly cancelling term. This can be seen ex-
plicitly by realizing that the anomaly can be can-
celed by asigning a transformation to Λ under
axial transformation Λ → Λ + α/π. This com-
bined with the fact that the integration over the
gauge field gives a delta function forcing the iden-
tifications (23) in terms of expectation values, is
enough to determine that the dual action is given
by (22), without the need of using the explicit
fermion determinant. A similar argument can be
used to prove that the massive Thirring model
S = SF+
∫
d2x
(
1
2
g2(ψγµψ)(ψγµψ)−mψψ
)
(24)
is dual to the sine-Gordon model
SSG = SB −Am
∫
d2x (1− cosβφ) . (25)
With A an undetermined constant and β is the
coupling given by β = 2π/
√
π + g2. We can then
see that a weak coupling Thirring model corre-
sponds to a strongly coupled sine-Gordon model
and viceversa. This then reproduces the well
known results on bosonization.
The power of the present approach relies on
the fact that it provides a unified way to treat
bosonization and duality, something that was not
done in the past. Furthermore, it allows to ex-
tend the concept of bosonization to any dimen-
sion D ≥ 2 [32]. In an arbitrary dimension we
can immediately see that the bosonic coordinate
Λ will be extended from a scalar in 2D to an an-
tisymmetric tensor of rank D−2 in order to have
the Lagrange multiplier term in the Lagrangian
εM1···MDF
M1M2ΛM3···MD ≡ Λ · dA.
LG = LF +mψψ + iψγµψAµ + (Λ · dA) (26)
The problem we face in higher dimensions is that
the fermion determinant is not computed, the
symmetry argument we used does not help in
higher dimensions mainly because of the prop-
erties of the γ matrices. We should then rely on
special cases. A simple case is to consider a mas-
sive fermion in the limit of large mass. For this
case ∫
Dψ exp
{
−i
∫
dDx ψ
[
γµDµ +m
]
ψ
}
= exp
{
i
2
∫
dDx AµΠ
µν
D Aν + · · ·
}
, (27)
Where Dµ ≡ (∂µ − iAµ). The vacuum polariza-
tion ΠµνD has been computed in the past in a 1/m
expansion, the first order term is:
ΠµνD = kD ( η
µν − ∂µ∂ν) , D > 3 (28)
= k3ε
µνλ∂λ D = 3
with kD a D-dependent constant and k3 =
sign m/8π2. For D > 3 this leads to the non-
local action:
S = −
∫
ddx
(
1
2kD
Ωµ
1
Ωµ +ΩµJ
µ
)
. (29)
9where Ω ≡ Λ˜. For D = 3 however, we get a local
action of the Chern-Simons type
S = −
∫
d3xεµνρ
(
1
2k3
Λµ∂νΛρ + Jµ∂νΛρ .
)
(30)
with the standard bosonization relations
iψγµψ ↔ − εµνρ ∂νΛρ . (31)
3. NON–ABELIAN DUALITY
In this section we will try to generalize the re-
sults of the previous section for cases when the
global symmetry is non-abelian.
3.1. Non-Abelian T -Duality
Consider the σ–model action (1) and assume
that the target space metric has a group G of
non–abelian isometries [10], [33], [34], [35]. In this
case, QMN does depend on X
m and transforms
accordingly under Xm → gmnXn , g ∈ G. We
gauge the symmetry corresponding to a subgroup
H ⊆ G ∂Xm → DXm = ∂Xm + Aα(Tα)mnXn ,
and add to the action the term
∫
d2z tr(ΛF ) =∫
d2z ΛαF
α, where in this case the gauge field
strength is, in matrix notation, F = ∂A − ∂A +
[A,A]. The N × N matrices Tα form an adjoint
representation of the group H . In the path inte-
gral we have to consider
Z =
∫ DX
VG
∫
DΛ DA DA (32)
e
{
−i
(
SG[X,A,A]+
∫
d2z tr(ΛF )
)}
,
where VG is the “volume” of the group of isome-
tries and DX is the measure that gives the cor-
rect volume element DX = DX
√
Ge−Φ . Similar
to the abelian case, the original action is obtained
by integrating out the Lagrange multiplier Λ. Lo-
cally, this forces the gauge field to be pure gauge
A = h−1∂h , A = h−1∂h, h ∈ H . By fixing the
gauge with the choice A = 0, A = 0 we reproduce
the original theory. The dual theory is obtained
by integrating out the gauge fields in the path in-
tegral (32). Integrating over the gauge fields A,
A we obtain∫
DX DΛ δ[F ] det δF
δω
e−iS
′[X,Λ] det(f−1) (33)
where F is the gauge fixing function and ω are
the parameters of the group of isometries. The
matrix f is the coefficient of the quadratic term
in the gauge fields and S˜ is given by
S˜[X,Λ] = S[X ]− 1
4πα′
∫
d2z hα(f
−1)αβhβ (34)
Here h and h are the currents coupled to A and
A respectively [10]. After the gauge fixing, de-
noting the new coordinates in the dual manifold
collectively by Y , we have
P =
∫
DY e−iS˜[Y ] det(f(Y )−1) . (35)
The Fadeev–Popov determinant in the path inte-
gral contributes to the measure such that the cor-
rect volume element for the dual manifold is ob-
tained DY = DY
√
G˜e−Φ
′
. The factor det(f−1)
in the partition function can be computed using
standard regularization techniques [8]. It gener-
ates a new local term in the action of the form
1
8piα′
∫
d2z α′R(2) (∆Φ) , which corresponds to the
change in the dilaton due to the duality transfor-
mation
Φ˜ = Φ− log det f . (36)
This change in the dilaton transformation is the
shift necessary to retain the conformal invariance
of the dual theory.
In general, we cannot write explicitly the gauge
fixed dual action. Therefore, we are not able to
present the new metric and antisymmetric ten-
sor fields in a closed form, as was done for the
abelian case in equations (3). As an example, let
us consider a theory for which the target space
metric has a maximally symmetric subspace with
G = SO(3) and no antisymmetric tensor. The co-
ordinates XM ,M = 1, ..., D, can be decomposed
into the two angular coordinates (θ, φ) describing
2–dimensional spheres, and D − 2 extra coordi-
nates (vµ) specifying the different spheres in the
D dimensional spacetime. The metric can then
be decomposed in the form
S = S[v] +
∫
d2z a2Ω
(
∂θ∂θ + sin2 θ∂ϕ∂ϕ
)
(37)
It is more convenient to treat the coordinates θ
and φ in terms of cartesian coordinates Xm in
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3–dimensional space on which SO(3) can act lin-
early, so we write the σ-model action in the form
S = S[v] +
∫
d2z Ω(v)
{
Gmn∂X
m∂Xn+
1
2a
√
Ω
λ(GmnX
mXn − a2)
}
, (38)
where S[v] =
∫
d2zGµν(v)∂v
µ∂vν , the metric
Gmn is diagonal and constant and the Lagrange
multiplier term fixes the 3 dimensional space to
be a sphere of radius a. Gauging this action and
fixing the gauge A = A¯ = 0 we obtain the orig-
inal action. Another convenient choice of gauge
is to set X1 = X2 = 0, X3 = a, A1 = ∂θ,
A2 = − sin θ∂ϕ and A3 = cos θ∂ϕ leading to the
original action in spherical coordinates .
We can write a general expression for the dual
action after fixing the coordinates Xm as above,
but before fixing the remaining degree of freedom
corresponding to one of the Lagrange multipliers
Λα. We then have (from here on, we ommit writ-
ing explicitly the dilaton term of equation (1))
S˜ = S[v] +
1
4πα′
∫
d2z
(
∂Λα(f
−1)αβ∂Λβ
)
(39)
From this expression, we can in principle read off
the new background fields as in (3). This is ac-
tually the general expression for any group. But
we still have to complete the gauge fixing for the
Λα. In our case, choosing Λ2 = 0 and defining
x2 = Λ 21 + Λ
2
3 and y = Λ3, we obtain the dual
theory action
S˜ = S[v] +
∫
d2z
(
a4Ω(v)2∂y∂y + x2∂x∂x
)
4πα′a2Ω(v)(x2 − y2) (40)
and the dual dilaton field is now given by Φ˜ =
Φ− log[a2Ω(v) (x2 − y2)].
Consider the dual geometry of Schwarschild
with respect to the SO(3) symmetry. We find
ds2 = −(1− 2M/r)dt2 + dr
2
1− 2M/r (41)
+
1
r2(x2 − y2) [r
4dy2 + x2dx2] ,
with the new dilaton Φ˜ = Φ − log[r2(x2 − y2)].
The regions x = y and r = 0 are real singulari-
ties whereas r = 2M is only a metric singularity
corresponding to a horizon as in the original case.
Notice that the metric is not spherically symmet-
ric, in fact it does not have non-abelian isome-
tries, raising the question of how to dualize back,
this is a definite difference with the abelian case
and shows in some way that the global symme-
try is not an essential ingredient to obtain dual-
ity. We will see that Poisson-Lie T -duality takes
care of this situation in an elegant way. Again, it
is straightforward to check that this background
fields satisfy the string background field equations
thus providing ‘new’ string vacua.
To finish this subsection we can mention some
general features of non-abelian duality. If the
non-abelian group G is non-compact, there may
be an anomaly that prevents the dual model from
being conformal. An example of this type was
considered in [34] and the understanding of the
anomaly was found in [35]. In this paper it is also
realized that a better treatment of non-abelian
duality is to express the dual theory in terms of a
group-valued coordinate g instead of the algebra-
valued coordinate Λ, this can be achieved by per-
forming a non-local change of variables ∂Λ →
g−1∂g. this allows to formulate non-abelian du-
ality in a way closer to the abelian case, it is also
crucial for the non-abelian bosonization we will
discuss next. Furthermore, it has also been shown
that non-abelian duality can also be realized as a
particular canonical transformation [36]. Global
issues are less under control for the non-abelian
case and not much progress has been achieved
in this direction. Finally it is worth remark-
ing that a higher dimensional generalization of
non-abelian duality can be thought in two ways,
one is work with scalar fields in higher dimen-
sions defining a σ-model invariant under a non-
abelian group. The steps to dualize are identical
to what we have done and again the complication
is only technical. On the other hand we could con-
sider antisymmetric tensors of higher rank, like
nonabelian gauge fields. A duality transforma-
tion has been attempted for this case which could
be relevant for 4D QCD for instance. However,
naive dualization takes a Yang-Mills gauge the-
ory into another theory which is not Yang-Mills
[37]. Non-abelian antisymmetric tensor theories
of rank greater than two have been argued not to
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exist [39].
3.2. Poisson-Lie T-Duality
A very elegant generalization of non-abelian T -
duality is the Poisson-Lie T -duality introduced by
Klimcˇ´ık and Sˇevera [38]. We will briefly explain
here the main idea of this generalization.
If the σ-model (1) is invariant under the action
of a group G, the corresponding ‘Noether’ current:
Ja = v
M
a QMN
(
∂XM dz − ∂XN dz) (42)
is conserved i.e. dJa = 0. Here v
M
a is the vector
field associated to the right action of G. If the
current is not conserved but satisfy:
dJa =
1
2
c˜kla Jk ∧ Jl (43)
where c˜kla are the structure constants of another,
dual Lie group G˜, then the σ-model is said to have
the G Poisson-Lie symmetry with respect to G˜.
Then we can generalize the idea of duality based
on a global symmetry to cases with Poisson-Lie
symmetry. In that case we can immediately see
that abelian and nonabelian dualities are just par-
ticular cases of this duality where the dual group
G˜ is abelian and so the structure constants van-
ish. In that case the nature of G distinguishes
between abelian and non-abelian dualities. This
explains the lack of non-abelian isometries in the
models considered in the previous subsection. For
non-abelian G˜ this is a new duality symmetry.
Therefore Poisson-Lie T-duality is a more gen-
eral setting to formulate T -duality. Duality here
is manifest since the role of the two dual groups
G, G˜ can be interchanged. These groups form
what is called a Drinfeld double, defined by the
decomposition of a bigger group D into D = G+G˜
where the algebras of G, G˜ are maximally isotropic
subalgebras of that of D with respect to a non-
degenerate invariant bilinear form of the algebra
of D. Using this approach it has been possible to
generalize some of the properties of abelian dual-
ity such as the momentum/winding exchange of
the two dual models.
3.3. Non-abelian Bosonization
In the same way that abelian bosonizaton was
understood in section 2.3 as a particular case
of abelian duality, we can also understand non-
abelian bosonization as a particular case of non-
abelian duality [40]. The starting point is a sys-
tem of Majorana fermions in 1 + 1 dimensions,
invariant under the global symmetry O(N). The
partition function is
Z =
∫
Dψ exp
(
− i
2
∫
d2xψγµ (∂µ − aµ)ψ
)
(44)
with aµ being a matrix valued external fields.
Again dualization can be ahieved by gauging the
anomaly free O(N) group and imposing the cor-
responding field strength to vanish.
Z =
∫
DψDADΛei
∫
d2x(− 12ψγµDµψ+εµνΛFµν)(45)
with the covariant derivative Dµ ≡ ∂µ − i(aµ +
Aµ). Fixing the gauge and performing the
fermion integral will lead a theory in terms of Λ
which is the desired bosonization. Luckily, as in
the abelian case, the fermion integral has been
already computed by Polyakov and Wiegmann
[41]. The result is better expressed by redefin-
ing Aµ and aµ in terms of group valued variables
(a± = ih
†
±∂±h± etc.).
Z[a] = Z[a = 0] exp
(
−iΓ[h−h†+]
)
(46)
With Γ the Wess-Zumino-Witten action [41,4].
Using this and performing a nonlocal change of
variables for the algebra-valued Lagrange multi-
plier ∂Λ↔ g†∂g, we find that the partition func-
tion is [40]
ZG[a] =
∫
Dg exp iΓGWZW [g, a] (47)
With ΓGWZW the gauged Wess-Zumino-Witten
action ΓGWZW [g, a] ≡ Γ[h−gh†+]− Γ[h−h†+]. We
have then seen that the bosonized action is the
level one WZW action dual to the action for free
Majorana fermions. By comparing the couplings
to the external field aµ we can also get the stan-
dard bosonization relations
iψγ−ψ ↔ i
2π
g†∂−g, iψγ+ψ ↔ − i
2π
∂+gg
† (48)
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4. BROKEN GLOBAL SYMMETRIES
In this section we will concentrate on the gen-
eral antisymmetric tensor field theories discussed
in section 2 and abelian duality. The question
we will pose is if the existence of the global sym-
metry is not only a sufficient but also necessary
condition for duality. The answer is no. A way to
illustrate this is by starting with a system with a
global symmetry and break it by the existence of
topological defects. Then we can ask what hap-
pens to duality. We will see that duality not only
survives this breaking but gets enriched in the
sense that it relates different phases of the the-
ory.
4.1. QED and monopoles
Let us start with the best known case of duality
which is Maxwell’s equations. We know that in
vacuum these equations are invariant under the
exchange of electric and magnetic fields. Duality
exchanges the two Bianchi identities with the two
field equations by exchanging the field strength
Fµν with its dual F˜µν ≡ εµνρσF ρσ. Duality was
easily derived in section 2. However this was true
only for the case of Maxwell’s equations without
sources. In order to generalize this duality to the
case with sources we have to follow Dirac and in-
clude electric and magnetic sources. The simplest
case is the source due to the presence of a ‘elemen-
tary’ electric charge qe and a ‘solitonic’ magnetic
charge qm for which the corresponding currents
are:
Jµe,m = qe,m
∫
dξµδ4(x− ξ). (49)
In order to derive duality for this case we first
need to write an action that incorporates both
sources. Inclusion of the elctric source is straight-
forward, we only need to add a term of the form
AµJ
µ
e to the Maxwell action. The magnetic cur-
rent is not that simple but it can be done by
first noticing that in the presence of a magnetic
monopole the field strength is no longer of the
form Fµν = ∂µAν − ∂νAµ. In fact the magnetic
field due to a monopole can be written as
~B =
qmrˆ
4πr2
= ∇× ~A− qm θ(−z) δ(x) δ(y) zˆ (50)
where the last term represents the Dirac string
along the −z axis. Writing this in a covariant
form implies
Fµν = (∂µAν − ∂nuAµ)− Vµν (51)
with Vµν ≡ qmεµνρσ
∫
δ4(x − ξ)dξρ dξσ, from
which we can easily see that ∂νε
νµρσVρσ = J
µ
m.
Therefore we can write the action as:
S =
∫
d4x
(
F 2µν +AµJ
µ
e
)
(52)
with Fµν as given above. The first observation we
can make is that the field equations derived from
this action are precisely Maxwell’s equations in
the presence of the electric and magnetic sources:
∂ν F
µν = Jµe , ∂νF˜
µν = Jµm. (53)
Duality is not trivial for this action since tere is
no longer the global symmetry shifting the field
Aµ. Nevertheless, knowing how Fµν differs from a
total derivative allows us to still be able to dualize
this system. In order to find the dual action, we
start with the first order Lagrangian (with Fµν
arbitrary)
L =
(
(Fµν − Vµν)2 + F˜ρσ
(
∂ρΛσ − V˜ρσ
))
(54)
Where V˜ρσ satisfies ∂ν V˜
µν = Jµe . From this we
can see that integrating out Λσ implies Fµν =
∂µAν−∂νAµ and we get back the original action.
Changing the order of integration, we can inte-
grate Fµν and get the dual Lagrangian with Λ as
the fundamental variable:
L˜ =
((
∂µΛν − ∂νΛµ − V˜µν
)2
− ΛµJµm
)
(55)
where we have used that
∫
d4xεµνρσVµν V˜ρσ =
qeqmI = 2πn where I is the integer intersection
number of the surfaces defined by Vµν and V˜ρσ
and we have used the Dirac quantization condi-
tion qeqm = 2π integer. From this pair of dual
actions we can explicitly see the realization of
electric/magnetic duality even in the presence of
monopole sources that break the global symme-
try. A generalization to any dimension and arbi-
trary antisymmetric tensors is straightforward.
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4.2. Monopole Condensation
We saw in the previous subsection how duality
survived in the presence of electric and magnetic
monopoles. Now we can imagine what happens
when we have a continuous distribution of mag-
netic monopoles, i.e. monopole condensation. In
this case the field Fµν is not the derivative of Aµ
not only at the Dirac string of a single monopole
but for all spacetime points. Therefore in this
situation it is natural to assume Fµν as the fun-
damental field and write an effective action for
it. Imposing that this action be local, Poincare´
invariant, with no more than two derivatives and
that it reduces to the Maxwell action in the limit
of vanishing density of monopoles ρ, it uniquely
fixes the action to be:
Sconf. =
∫
d4x
(
− 1
e2
F 2µν +
1
ρ2
(∂µFνα)
2
)
(56)
we can easily see that if the monopole density van-
ishes only the configurations for which (∂µFνα) =
0 contribute to the path integral implying F = dA
and reducing to the Maxwell action. This action
describes a massive 2-index antisymmetric tensor
field with mass M = ρ/e. We have added the
subscript conf to the action since we will see it
will describe the confining phase of QED.
At this point it is natural to ask whether this
action has a dual and if there is a way to find
it. Notice that at this level there are no traces
of global symmetries. Nevertheless we can start
with the first order action:
S =
∫
d4x
(−1
e2
F 2µν − εµνρσB˜µ∂νFρσ − ρ2B˜2µ
)
(57)
There is no Lagrange multiplier appearing lin-
early in this action, but the fields B˜µ and Fµν
appear quadratically and therefore we can still
integrate them out by means of a gaussian in-
tegration. Integrating out B˜µ implies ρ
2B˜µ =
εµνρσ∂
νF ρσ and substituting back into the action
reproduces the original theory Sconf . Integrating
out Fµν instead, leads to the dual action:
S˜conf =
∫
d4x
(
−e2
(
∂νB˜µ
)2
+ ρ2
(
B˜µ
)2)
(58)
This action describes a massive vector having
one propagating degree of freedom with mass
M = ρ/e. Therefore we can see that duality sur-
vives the breaking of the global symmetry, but
now is a completely different duality. Instead
of relating two massless vectors as in the orig-
inal (Coulomb) phase, it is now a duality be-
tween a massive 2-index field and a massive vec-
tor, both describing the confining phase of com-
pact QED after monopole condensation. Since
in the Coulomb action, duality there was a sym-
metry between electric and magnetic degrees of
freedom, we can ask if starting from the dual
Coulomb action, we could consider the conden-
sation of electric monopoles giving rise not to a
confining phase but to a ‘Higgs’ phase. The pro-
cess is identical to the confining case because the
two dual actions for the Coulomb phase were the
same (except for the change of e↔ 2/e). There-
fore we get two dual actions for the Higgs phase
also describing three massive degrees of freedom
in terms of a massive vector or massive two-form,
with mass M˜ = ρ˜ e. We can then see that the
Higgs and confining phases are identical in this
case after exchanging ρ˜ ↔ ρ and e ↔ 2/e. This
is known as Higgs/confinement duality.
4.3. Generalizations
Now we can generalize these results to any di-
mension as in section (2.2)[42], [16]. In D dimen-
sions we know the Coulomb phase is described by
two dual actions in terms of antisymmetric ten-
sors Bh−1 and ΛD−h−1 respectively, both carry-
ing
(
D−2
h−1
)
degrees of freedom. In that case the
‘elementary’ charges are (h − 2)-branes whereas
the ‘solitonic’ or magnetic charges are (D−h−2)-
branes (as we have seen from other lectures, a
monopole is a 0-brane, an instanton a (−1)-brane
etc.) which are the natural objects coupling to
Bh−1 and ΛD−h−1 respectively. The confining
phase is defined by the condensation of the mag-
netic objects and is described by a massive anti-
symmetric tensor Hh dual to another massive an-
tisymmetric tensor B˜D−h−1 carrying
(
D−1
h
)
de-
grees of freedom with mass ρ/e. The Higgs phase
can be generated by the condensation of the el-
ementary (h− 2)-branes and would be described
by massive antisymmetric tensors H˜D−h dual to
Bh−1, both carrying D− 1/h− 1 massive degrees
14
Table 1
Duality for the Coulomb, Higgs and confinement phases
Original Lagrangian Dual Lagrangian
Coulomb phase 1
e2
(dBh−1)
2 e2
4
(
dB˜d−h
)2
Confinement phase 1
ρ2
(dHh)
2
+ 1
e2
(Hh)
2 e2
4
(
dB˜d−h
)2
+ ρ
2
4
(
B˜d−h
)2
Higgs phase 1
ρ˜2
(
dH˜D−h
)2
+ e2
(
H˜D−h
)2
4
e2
(dBh−1)
2
+ ρ˜
2
4 (Bh−1)
2
of freedom of mass M˜ = ρ˜e. The effective La-
grangians for each of the three pairs of dual ac-
tions are shown in the table 3.
Some observations are in order here. First,
only for the case h = (D − 1)/2 can we have
Higgs/confinement duality in which case it is re-
alized as the 4D QED case. Notice that the dual
Higgs phase description is natural in the sense
that it corresponds to the original field Bh−1 get-
ting a mass as in the original Higgs effect, this
analogy can be seen more explicitly by realizing
this effect in terms of a Stuckelberg mechanism.
This is similar to the dual confing phase in which
the original dual field B˜d−h gets a mass. We can
then conclude that the mechanism to describe the
confinement and Higgs phases by taking the orig-
inal field strength and promoting it to the fun-
damental propagating field is just the dual of the
Higgs effect.
I would like to remark that the process of
monopole condensation is a dynamical question
that has not been addressed here. We have only
assumed that this happens and then described
the effective actions and duality after condensa-
tion. To know if the dynamics favours condensa-
tion we have to consider the system in more detail
and analyze case by case.
3The relative signs of the terms are dimension dependent
and are not shown here, see reference [16] for the explicit
signs on each case.
The best studied examples are those in dimen-
sions D ≤ 4 with instantons or monopoles as the
topological defects. The 2D case is particularly
interesting since it corresponds to strings on a
circle as discussed in section (2.1) for which the
original and dual fields are 2D scalars X, X˜. The
elementary and topological defects are instantons
(h − 2 = D − h − 2 = −1). The contribution of
one type of instantons to the partition function
can be computed explicitly in the dilaton gas ap-
proximation leading to an effective action (in the
Higgs phase)
S =
∫
d4x
(
R2∂X∂X −A cos X
R
)
(59)
This is just the Sine-Gordon model discussed in
section (2.3). For small field values X the poten-
tial reduces to a quadratic potential reproducing
our result for the Higgs phase (or dual confine-
ment if we used X˜)(see table). This is a check
that our presciption to build the confinement ef-
fective action is correct (up to higher derivative
terms). The renormalization group flow for the
couplings R, ρ in the Sine-Gordon model has been
well studied [1], leading to the conclusion that at
R = 2 there is a phase transition from a Coulomb
phase R > 2 which is conformal invariant ρ = 0,
to a confinement or Kosterlitz-Thouless phase at
R < 2 which is not conformally invariant and
the field X looses its interpretation as a coordi-
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nate in target space. The critical value R = 2
can be found from the mass formula (4), because
for R < 2 there appear tachyonic winding modes
[43]. The existence of these two phases has lead
some authors to conclude that instantons break
the R ↔ 1/R duality. From our analysis we can
see that this is not the case. First, in the confine-
ment phase duality is still manifest but now as a
duality between a massive scalarX and a massive
vector. Furthermore, if we consider both types
of instantons the phase structure is completely
changed. This can also be seen from the mass
formula (4) since also for R > 1/2 there are extra
tachyonic states, but this time these are momen-
tum states rather than winding. The structure
of the phase diagram happens to be identical to
the clock models studied by Cardy and Rabinovici
since they arrived at a condition which is identical
to the existence of tachyons in equation (4). The
end result is that there are only two phases, Higgs
and confinement (the original Coulomb phase is
not realized which is expected for bosonic strings
because of the tachyon), separated at the selfd-
ual point R = 1, both phases are described by
massive scalars dual to massive vectors and so
the effective actions are identical except for the
exchange R ↔ 1/R showing that the phase dia-
gram is manifestly invariant under duality! This
is a realization of the Higgs/confinement duality.
This situation can be easily generalized for the
2D toroidal compactifications of section (2.1) but
the phase structure is much richer, the reason be-
ing the periodicity of the real part of the field T in
(11) implying the existence of an infinite number
of oblique confinement phases separated at the
points T = expπ/3 and its infinite images under
SL(2,ZZ) transformations [45].
For supersymmetric string theories there are no
points where states become tachyonic and there-
fore only the Coulomb (conformal) phase is real-
ized 4. But if the coordinateX is time, then there
are no tachyons for temperatures smaller than the
Hagedorn temperature TH where a tachyon ap-
pears indicating a phase transition, the tachyon
4Remember this analysis is non-perturbative in the 2D
worldsheet but is still perturbative in the string cou-
pling, non-perturbative string effects can change this
phase structure as we are learning from S duality.
dissapears at the dual Hagedorn temperature T˜H .
Therefore there are two Coulomb phases dual to
each other with the standard string picture and
for temperatures T˜H > T > TH there is a selfd-
ual phase described by a massive time coordinate.
Again duality is manifest.
For 3D QED again the topological defects are
instantons and a dilute instanton gas calculation
gives an action for the dual field (a scalar in this
case) of the Sine-Gordon type. It is well known
that for this case the dynamics is such that only
the confining phase is realized. Our analysis only
adds that this phase can be described by two dual
actions in terms of a massive scalar or a massive
2-index antisymmetric tensor.
For 4D QED a similar analysis can be done
and the confining phase, induced by the conden-
sation of monopoles, can be described either by
massive vector or a massive antisymmetric ten-
sor with two indices. This case has been recently
studied in detail by Polyakov who found that the
description in terms of a massive two-index ten-
sor has the interpretation of a ‘confining’ string,
since this field couples naturally to a string [47],
[48]. In this way understanding confinement by
monopole (4D) or instanton (3D) condensation,
or by a confining string as in the old string pic-
ture of quark confinement can be seen to be one
and the same physical interpretation. It has been
claimed that this picture generalizes to Yang-
Mills theories [47].
Also for the D case with h = 3, it has
been seen explicitly that breaking of the global
Peccei-Quinn symmetry by non-perturbative ef-
fects, does not break duality and the dual of the
massive axion field is a massive 3-index field [49],
in perfect agreement with our general results.
For higher dimensions and ranks of the tensors
there are indications that p branes could also con-
dense and induce a phase transition. This could
be relevant for uncovering all the phases of M
theory. However these cases need to be better un-
derstood, probably the recent studies ofD-branes
may help understanding the possibility of p-brane
condensation.
16
4.4. Duality and Fourier transforms
The duality between massive antisymmetric
tensors can be generalized for actions with higher
derivatives and general potentials. Starting with
the action:
S =
∫
dDx
(
F (∂Hh) +G(Hh)
)
(60)
This can be obtained from the partition function∫
DB˜d−hDHhe
∫
dDx(H·dB˜d−h+G(Hh)+F˜ (B˜d−h))(61)
where eF˜ is the Fourier transform of eF [50]. Per-
forming the integral over B˜d−h we recover the
original action above and performing the integral
over Hh we obtain the dual action
S˜ =
∫
dDx
(
F˜ (B˜d−h) + G˜(∂B˜d−h)
)
(62)
From here we can see that a nontrivial poten-
tial G(Hh) gives rise to a higher derivative term
for the dual G˜(∂B˜d−h) and viceversa. Also for
a quadratic potential, we know that the Fourier
transform of a gaussian is another gaussian and
so we recover the result of the massive actions of
the previous subsection. Furthermore, for van-
ishing potential we know that the Fourier trans-
form of 1 is δ(∂B˜d−h) and therefore we recover
the duality of the Coulomb phases of section 2.2.
Therefore we can see that the dualities we have
been dealing with for antisymmetric tensors are
only particular cases of Fourier transforms and
finding the dual action reduces to finding Fourier
transforms. We can then consider a nontrivial ex-
ample such as the sine-Gordon model which has
a nontrivial potential. In this case we know that
the Fourier transform of eA cos B˜d−h is the modi-
fied Bessel function IP (A) and therefore we can
just read the dual higher-derivative action chang-
ing P by ∂Hh. This has been recently done for
QED (h = 2) and the resulting (higher deriva-
tive) theory can give some information. First,
since the original variable B˜d−h is periodic, the
Fourier transform is such that the summation in
the path integral has to include infinite branches
and this implies that in the confining string pic-
ture we have to sum over all Riemman surfaces
[47] making explicit the string theory description
of the confining phase. Furthermore, the period-
icity of the original variable implies the quantiza-
tion of flux for the dual variable. These features
can not be seen using the quadratic potential of
the previous subsection where for instance peri-
odicity is not manifest.
It is curious to see that for the 2D case, this
implies that the Sine-Gordon model is dual to
a (higher derivative) massive vector model. But
we had seen in section 2.3 that the Sine-Gordon
model is dual to the fermionic Thirring model,
showing the richness of duality!.
Notice that being the path integrals non-
gaussian, most of these results are only formal
and a regularization technique has to be used in
order to make sense of the dual action. For the
cos potential mentioned above, a detailed lattice
calculation can be found in [48].
5. OPEN QUESTIONS
We have learned that global symmetries are a
very useful tool to prove the duality among differ-
ent theories. In fact we can now take any phys-
ical system with a global symmetry and dualize
it. For instance we could take the Schrodinger
equation, obtained from a variational principle,
and knowing that there is a phase symmetry
of the wave function, we can find the dual of
Schrodinger’s equation (the result does not look
very illuminating at first sight). However the ex-
istence of the global symmetry is only a sufficient
condition for duality and it is not necessary. A
more general statement can be made at least for
the antisymmetric tensor field theories for which
duality is only a functional Fourier transform.
This may have interesting consecuences, in partic-
ular we may state an uncertainty principle regard-
ing dual variables analogous to position/momenta
in quantum mechanics.
An interesting field by definition has many
open questions. I would like to mention a few.
1. Superduality: We have used the existence
of global ‘internal’ symmetries as guide-
lines for duality, but we know there are
also global ‘spacetime’ symmetries such as
Poincare´ and supersymmetry. In this case
we may start with a globally supersymmet-
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ric theory, making it local becomes super-
gravity and then we have to impose the con-
straint that the space is flat and the grav-
itino field vanishes, again exchanging the
order of integration implies the existence of
a dual theory, ‘superduality’. Work is in
progress to present nontrivial examples of
this new duality [51].
2. Fermionization: We have seen how to go
from a purely fermionic theory to a bosonic
one, but the inverse process is not under
control. For that we would need to start
with a bosonic theory and impose a con-
straint with a fermionic Lagrange multi-
plier, which is not clear how to implement.
Probably the development of superduality
may help in solving this question since the
constraint of imposing vanishing gravitino
field is fermionic.
3. Mirror symmetry: Mirror symmetry is one
of the most relevant symmetries discovered
in perturbative string vacua. It sates that a
compactification on a complex manifoldM
is equivalent to a compactification in a mir-
ror manifold W such that the complex and
Ka¨hler structures of both manifolds are in-
terchanged. For Calabi-Yau spaces this cor-
responds to exchanging the Hodge numbers
h11 ↔ h12. Most of the evidence support-
ing mirror symmetry is ‘experimental’, in
the sense that explicit construction of mod-
els show this symmetry [52]. More recently,
the toric variety construction of Calabi-Yau
manifolds has allowed to assign M and W
to two dual lattices making mirror symme-
try more explicit [52]. Also use of T -duality
for different cycles of Calabi-Yau spaces has
allowed to better understand mirror sym-
metry [53]. But an explicit proof of mir-
ror symmetry is still lacking. Previous at-
tempts of proving mirror symmetry from
T -duality have failed [?]. Since Calabi-
Yau manifolds have no isometries, the cor-
responding σ-model action does not have
the global symmetries usually required to
dualize. In fact it was claimed in the past
that the problem of proving mirror symme-
try was the same as proving duality with-
out global symmetries. But this is pre-
cisely what was done in chapter 4. However,
without doing any calculation we can im-
mediately see that the techniques of chap-
ter 4 cannot work entirely to prove mir-
ror symmetry because they would give for
the dual of a σ-model with variables XM
(witha Landau-Ginzburg potential), a 2D
theory in terms not of coordinates X˜M but
of ‘massive’ vector variables (Vµ)
M , which
have no straightforward identification with
the coordinates of the mirror manifold. The
duality beween M and W seems closer to
the Higgs/confinement duality of section 4.3
(see also [55] ). On the other hand the 2D σ-
model does have a global symmetry which is
a (0, 2) supersymmetry on the worldsheet,
therefore we may imagine that superdual-
ity may have interesting relation with mir-
ror symmetry. Notice that the U(1) R-
symmetry associated to this N = 2 super-
symmetry is also a global symmetry of the
model, but it is easy to see that dualizing
with respect to this symmetry gives rise to
bosonization as in chapter 2 and not to mir-
ror symmetry.
4. Seiberg’s duality: Another interesting dual-
ity symmetry is the one proposed by Seiberg
for 4D N = 1 supersymmetric field theo-
ries. This duality relates different phases of
an SU(Nc) theory with those of SU(Nf −
Nc) where Nf , Nc represent the number of
flavours and colors respectively. Proposing
this new duality symmetry has been one
of the major advances in the nonperturba-
tive understanding of supersymmetric field
theories recently. Again, the evidence for
this duality is only indirect, although it is
very convincing. An explicit proof follow-
ing the lines of this paper is still lacking.
There are plenty of global symmetries in
these systems (flavour symmetries and su-
persymmetry), but, similar to the case of
higher dimensional bosonization, the highly
nontrivial nature of 4D field theories, com-
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bined with the structure of the duality itself
(see P. Argyre’s lectures) makes an explicit
proof of this duality a very difficult and in-
teresting challenge.
5. Quantum Hall effect: As it was mentioned
in the introduction, there are proposals for
a duality symmetry in the quantum Hall ef-
fect. This duality would be with respect
to the complex parameter τ ≡ σxx + iσxy
where σxx and σxy are the longitudinal and
transverse conductivities of the Hall effect.
Since σxy is quantized, we expect the shift
by an imaginary integer to be a symme-
try such as the axion field in string theory.
The arguments in favour of an infinite di-
mensional discrete group Γ ⊂ SL(2,ZZ) are
many which have left to a proposal for a
Γ symmetric phase diagram, but the most
striking fact is that, contrary to the previ-
ous dualities, there exists real experimental
evidence for the existence of this duality.
Recent experimental results show explicitly
that the transformation σxx ↔ 1/σxx re-
lates two different phases of this system.
Again, an explicit proof of this duality is
not available yet.
We have seen duality is present in many differ-
ent physical systems and well defined techniques
can be used to establish the equivalence among
the dual theories. Duality has also been observed
experimentally, even though it is in a condensed
matter system, it gives us confidence that it is
actually present in other systems. As we have
seen during this school, duality played an impor-
tant role in the solution of N = 2 supersymmetric
theories, it is currently opening the way towards
understanding black holes and probably uncov-
ering the fundamental theory of nature. Further-
more we have seen that there are many open ques-
tions regarding duality symmetries which makes
the subject healthy and alive.
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